Introduction. An asymptotic formula for the eigenvalues of a self-adjoint realization of an elliptic operator on a bounded region has been obtained in various cases by a number of authors; see [l], [4] and the references there. In each case the method of proof demands more regularity of the coefficients of the operator (at least when the order of the operator is low relative to the dimension of the space) than should be necessary for validity of the formula. The purpose of this note is to derive the formula under minimum assumptions on the coefficients, in two cases: the Dirichlet realization in a compact manifold with boundary, and the unique realization in a compact manifold without boundary. We use the known results for operators with smooth coefficients and a simple abstract approximation method based on the "minimax" formula for eigenvalues.
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2. Abstract eigenvalue estimates. Let H be a separable complex Hilbert space with inner product (w, v) and norm \\u\\. If 5 is a compact operator in H, we denote by |juy(5)} the sequence of eigenvalues of 55*, with MI(5) àM2 (5) 
Suppose that 5 is a 1-1 compact normal operator in H. The range R(S) can be considered as a Hilbert space K with inner product (w, v) = (S~lUy S~lv) and norm \u\. Let T be a second operator in H with R(T)QK.
If J denotes the natural injection of K into if, then 5 = J Si and T^JTi with 5i and T\ operators from H to K. Since 7\ is closed, hence continuous, and J is compact, it follows that T is compact. We can estimate the eigenvalues fx 3 as j -> 00.
We want to extend this result to A without smooth coefficients. REMARKS. In the case of a manifold without boundary, in which case £>(A) =iï 2m (Q), it is not necessary to assume that & is of even order; A is still self-ad joint, the formula (5) still holds for A with smooth coefficients, and the following proof is unchanged.
PROOF. There is a sequence {&>} of formally self-adjoint elliptic operators of order 2m, having coefficients in C°°(0), and such that the coefficients of the principal parts converge uniformly on Q to the coefficients of Cfc 0 . Let A v be the realization corresponding to Q,,. We can write A V = A+B V , and with respect to the norms \\u\\u in H*(Q) we have
||£,*|| g 8»|M|i* + Cv|Hk-i,
where the constants 8 V ->0. However there are constants k p such that
see the corollary of Proposition 1.1 in [2] , for example. Furthermore since A is closed and ^>(A)QH 2m (ü) t there is an inequality (9) llftH* S C(\\Au\\ + 11*11), u E ©(4).
Combining (7), (8), and (9) we get an inequality of the form Since c"->c and €"-»0 as y-> 00, the desired result follows immediately from (12). 
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REMARK. It is clear that, with the appropriate modification in formula (5), the theorem can be proved in the same way for elliptic systems. Furthermore it holds whenever the operator A can be approximated in the above way by operators with the same domain; the boundary value problems considered here are the most obvious examples.
